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On the stability of unstable states, bifurcation,
chaos of nonlinear dynamic systems

(Presented by Academician A.N. Tikhonov 24 X 1989)

The question of the stability of unstable states of dynamical systems that do not explicitly
contain a small parameter, chaos and bifurcations in them has attracted attention ever since [1-
14]. This is due to the fact that this problem often arises not only in mathematics, but also in
various fields of mechanics and physics. In particular, the task of retaining atomic particles in
electrodynamic traps has recently become of special interest [14].

As a rule, the solution of such problems is reduced to the study of the model equation
pendulum equations with a vibrating suspension point

(1) X"+ &x' + (& + £C€087) Sin X - &1 cos(z+ @) cosx =0,

At small deflection angles X and &4 = 0, the equation (1) is reduced to the well-known
Mathieu equation, which admits stability of the unstable state of the inverted pendulum (&, <0,
£4#0) outside the parametric resonance zone [2]. In 1982, the authors [6] found, on the basis of
numerical simulation, stable parametrically excited oscillations of the inverted pendulum in the
resonance zone. Later [1, 4], the corresponding dependences of the oscillation amplitudes of &,
& were obtained.

In addition to these, many other non-trivial solutions, such as vibrational, vibrational-
rotational, the emergence of chaos, etc. [13] were considered. However, the large variety of
methods [1-6] and the study (1) with the expansion of sin (x), cos (x) in a series according to a
degree of smallness made it difficult to cross-link particular solutions, interpret the results and
understand the causes of chaos, bifurcations in systems described by equations of the type (1).

Therefore, taking into account Poincare's two propositions [7, p. 75] that "... the periodic
decisions are the only breach through which we could try to penetrate into the region considered
to be inaccessible "(1) and that " ... the periodic solution can disappear, only merging with
another periodic solution ", i.e. "... the periodic solutions disappear in pairs like the real roots of
algebraic equations" (11), we use a generalization of the corresponding methods to find and
examine for the stability of periodic solutions (1) with respect to the critical points of the action
function [7-12].

To do this, we rewrite equation (1) in the Lagrangian form

(2) d(oL/ox)ld - OL/ox=-OF/ox,
wherein
(3) L=T-U, T=x?/2, F=¢gx?/2,
(4) U= - (gp +&1€0S7) COS X - €1 COS(7+ @) SiN X.

In the general case, x can be a vector. We seek a solution of (2) close to a periodic solution

at « frequency in the form of a series

(5) x=x0+z [xncos(nar)+(y./na) sin(na)],

=



wherein Xg, Xn, Yo in the general case f(7). .
Taking into account the dependence x = f(Xx, Vi, Xk, Y«), one can obtain in the

approximation of slowly varying amplitudes Xy, Y for the period 27t/ the following abridged
equations:

(6) X¢ =-0S/0yy- OR/OX, Y= 8S/Bxy - OR/BYy,
wherein
Yk =Xo, k=1,2, ..., 00, and

rla
(7) S=s-y& s=<L>=(a/2n) J Lds,
0

0
Re(eo2) [y 20, BoPvi]
n=0
In the conclusion (6), the condition of the extremeness of the action function (2) is taken
into account. In the variables amplitude—phase, the equations (6) take the following form:
(8) wiw=(lnry) 8S/or,,  ry'=- (1nr,) 8S/0y;, - &y,

X= Xot+ Z [rycos (nar- wp).
=1
In the variables action—-angle

(9) wi'=0S/I0yn,  an'=- OSIOW, - 2& tn,

x:xo+z [ @xa/n)Y2 cos (naz- w).
n=1

Returning to equation (1), we will seek a solution in the form (8). Using

the representation cosx = Re[exp(ix)], formulas (8) and [15]

(10) exp[ir, cos (naz- yy)] = Z JKn(ry) exp [iky(naz+ /2 - yi)],
K=—0

we get

11) s= Z n2ePr,2d-y2l2+ (112)e Z H Jko(ro)e Z 50 P

ki ky,.=—0 1=l p=-1 > kunex

+5 )e cOS [xo+ Z Kn(nt/2- (Sﬂ wh)- 5[;1 (nf2 igo)],

wherein Jk,(r,) are Bessel functions, and 8" is the Kronecker symbol.



The search for periodic solutions of equations of the type (1), as can be seen from (6), (8),
(9) with & = 0, is reduced to finding and examining the stability of the critical points (11) with
respect to rn, ¥ , O Xn, ¥n (Xn, Yn) @nd Xo, Yo.

In the simplest case of a mathematical pendulum, without taking friction and vibrations into
account, the results of calculations (8) with respectto S (11) withn=1

(12) S [0!2I’12/4 + y02/2 + SoJo(rl)COS Xo],

indicate a completely satisfactory accuracy of « (r,), since the series (11) decreases rapidly with
increasing index n for a fixed value of the argument r,.
A relative error of the approximation « (r;) even for angles of deviation of the pendulum x ~
160° does not exceed 5.5% (see, for example, [5, p. 55]).

The introduction of longitudinal vibration, as follows from expression

(13) S= [Pri?/4 - y?12 + &do(ry) €S Xo+&1dyo(r1) COS(Xe+m/2 ) cos (yala)],

and (8), results in two types of critical points. The first ones are the equilibrium positions
Xo=xnm, y1=0, £1/2, (1/« are even); the second ones are Xg=tnn, y;=0, 1/, (1/« are uneven), n
=0,1,2,...(in particular, X, = £ (2n + 1) for g, = 0). Therefore, taking into account the
scenario of "merging" of two periodic solutions according to Poincare (11), due to the presence
of the second type of critical points X,;=+n= (bifurcation of the period 1/a=2<1/a=1), we seek
the solution for the problem of an inverted pendulum (eoc0sxo<0) outside and in the zone of
parametric resonance in the following form:

(14) x=Xo+r1C0S(d2 - w1)+r,c08(72 - ).

This representation of (14) leads to the expression S (11) with an accuracy of n = 2. When
limiting to the terms of the order I‘k4 with the expansion of J,(ry) in S (11) and using the
variables xy, yy (6), we can obtain the corresponding equations to find equilibrium points and the
characteristic roots 1, for small g, in the analytic form.

In the case X;= Xo= y1= Y,= Sin Xo= Yo=0

(15) {A2+1/16[(1-4&") -4 (&)’ TH A+ 22 (1+ &%) 4+118(1-&Y) (e +2 &  (1-&5)]}.

wherein A=ho+e, €01"=€91 COS Xo. From the first bracket (15) we obtain the upper limit
evaluation of the stable solution 4(g;)?<(1-4¢,*)?, from the second we obtain the lower one
(e1%)%>2] e (1-g6™)| for an inverted pendulum (g,*<0) outside the parametric resonance.




Fig. 1. Scenario for the appearance of a bifurcation for an inverted pendulum according to
Poincare with £,=0. a) 0,5<¢;<0,61; dependency graphs of x; »(& 1).

In the case x;#0, y;=0 (x,=0, y;#0), from the conditions 6S/0x;=0 (0S/0y,=0), we can get
(16) x,*=6[ (45 +2&1"-1)/(2,"+35")], (y1°=(312) (45" 26 ™1)/(35%" 2] ),
(17) [P+ (242" + & + VIR0, ([F°-&" V1 (2626 1)/6]f,(21)=0 ),

wherein f,(2)=f(1,&,1%, X1, Y1) It results from (17) that there are two stable states of the
inverted pendulum (&* <0) in the zone of parametric resonance 2&,* >4|5*| +1, (2|6 >4|& | +1),
differing from each other only in the change of sign in &*.

In the simplest case with =0, the bifurcation point is 1/a=2«<1/a=1 is found from the joint
consideration of two periodic solutions under the scenario (11). Carrying out similar
calculations near the equilibrium point X, = + (2n + 1)1/2, X,=Yy,=Y,=0, one can obtain solutions
with o'=1

(18)  %0.4(1-(1+3& 212)*®) 35", &= &SinXg, ¥,=0,

are unstable with respect to Xo, Yo for [X;] = @/2. Solving jointly (16), (18), one can define the
corresponding bifurcation point from the condition (see Fig. 1):

(19) X (aN)| +] % (eN)] =n/2,

X, 59° x,.31° &N.O0.61.

In this case (with g = 0), the appearance of a bifurcation can simultaneously lead to the
emergence of chaos in the system (1) (see Fig. 1). The reason for this may be fluctuations,
errors from the macrosystem used in the physical, analog or numerical simulation of the
deterministic system described by the equation (1). As a result, cascades of transitions between
different types of periodic motions & = &N (vibrational 1:2, 1:1, rotational 1:1 and others),
perceived as chaos, will be observed.

Computer simulation of the equation (1) using the analog computing machinery "Rusalka"
and full-scale modeling with a magnetic needle of a compass placed in a magnetic field
confirmed the correctness of the results obtained within the limits of simulation errors.

The author is grateful to S.P. Kurdyumov, Yu.P. Popov, Sarychev V.A. and other
participants of the seminar for discussion of the work and useful comments.
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